In this paper we analyze the problem of uniqueness for spacelike hypersurfaces with constant higher order mean curvature in generalized Robertson-Walker spacetimes. We consider first the case of compact spacelike hypersurfaces, completing some previous results given in [2] . We next extend these results to the complete noncompact case. In that case, our approach is based on the use of a generalized version of the Omori-Yau maximum principle for trace type differential operators, recently given in [3] .
Introduction
Spacelike hypersurfaces in spacetimes are objects of increasing interest in recent years, both from physical and mathematical points of view. A basic question on this topic is the problem of uniqueness of spacelike hypersurfaces with constant mean curvature in certain spacetimes, and, more generally, that of spacelike hypersurfaces with constant higher order mean curvature.
In a recent paper, Alías and Colares [2] studied in depth the problem of uniqueness for compact spacelike hypersurfaces with constant higher order mean curvature in spatially closed generalized Robertson-Walker spacetimes, that is, in generalized Robertson-Walker spacetimes having a compact Riemannian factor. Their approach was based in the use of the so called Newton transformations P k and their associated second order differential operators L k (see section 2), as well as in the use of some general Minkowski integral formulae for compact hypersurfaces. In this paper, which is a natural continuation of [2] , we go deeper into this study. We consider first the case of compact spacelike hypersurfaces, extending the analysis and completing the results given in [2] . Specifically, instead of considering the assumption of the null convergence condition (NCC) as in [2] , here we replace it by the condition (log ρ) ′′ ≤ 0 on the warping function ρ, which was introduced by Montiel in [10] and it is closely related to the timelike convergence condition (TCC) and the NCC (see the beginning of Section 3 for further details). We next extend these results to the complete noncompact case. In that case, our approach is based on the use of a generalized version of the Omori-Yau maximum principle for trace type differential operators which includes the operators L k that has been recently introduced by the authors in [3] for the study of hypersurfaces in Riemannian warped products.
The paper is organized as follows. After a preliminaries Section, where we fix notation and collect some basic results, we consider in Section 3 the problem of uniqueness for compact spacelike hypersurfaces in spatially closed generalized Robertson-Walker spacetimes. In particular, we obtain the following result which completes previous results in [2] 
(Theorem 5):
Let −I × ρ P n be a spatially closed generalized RobertsonWalker spacetime with warping function satisfying (log ρ) ′′ ≤ 0. The only compact spacelike hypersurfaces with H k constant, 2 ≤ k ≤ n, contained in a slab Ω(t 1 , t 2 ) on which ρ ′ does not vanish are slices.
In Section 4 we extend the previous results to the complete noncompact case with the aid of the generalized version of the Omori-Yau maximum principle given in [3] . Among others, we obtain the following uniqueness result (Theorem 13):
Let −I × ρ P n be a generalized Robertson-Walker spacetime whose warping function satisfies (log ρ) ′′ ≤ 0, with equality only at isolated points, and suppose that P n has sectional curvature bounded from below. Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface contained in a slab and assume that either (i) H 2 is a positive constant, or (ii) H k is constant (with k ≥ 3) and there exists an elliptic point in Σ.
Finally, in Section 5, we give a number of further results extending to the complete case previous uniqueness results in [2] .
Preliminaries
In what follows we consider a n-dimensional Riemannian manifold P n and let I be an open interval of the real line. We let M n+1 := −I × ρ P n to denote the Lorentzian warped product endowed with the Lorentzian metric
Following the terminology used in [5] we will refer to −I × ρ P n as a generalized Robertson-Walker spacetime. Observe that ρ(t) ∂ ∂t is a closed conformal vector field on M which determines a foliation t → P t := {t} × P of M by complete totally umbilical spacelike hypersurfaces with constant mean curvature. Consider a spacelike hypersurface f : Σ n → M n+1 . In this case, since T := ∂ ∂t is a unitary timelike vector field globally defined on M n+1 , there exists a unique unitary timelike normal field N globally defined on Σ with the same orientation as T . Hence Θ := N, T ≤ −1 < 0.
We will refer to that normal field N as the future-pointing Gauss map of the hypersurface. We let A : T Σ → T Σ denote the second fundamental form of the immersion. Its eigenvalues k 1 , ..., k n are the principal curvatures of the hypersurface. Their elementary symmetric functions
define the k-mean curvatures of the immersion via the formula n k
Thus H 1 = −1/nTr(A) = H is the mean curvature and
where S and S are, respectively, the scalar curvature of Σ and M n+1 and Ric is the Ricci tensor of the generalized Robertson-Walker spacetime. Even more, when k is even, it follows from the Gauss equation that H k is a geometric quantity which is related to the intrinsic curvature of Σ n . The classical Newton transformations associated to the immersion are defined inductively by
. We refer the reader to [1] for further details (see also [14] for other details about classical Newton tensors for hypersurfaces in Riemannian spaces). Let ∇ be the Levi-Civita connection of Σ. We define the second order linear differential operator
It follows by the definition that the operator L k is elliptic if and only if P k is positive definite. Let us state two useful lemmas in which geometric conditions are given in order to guarantee the ellipticity of L k when k ≥ 1 (Recall that L 0 = ∆ is always elliptic). Lemma 1. Let Σ be a spacelike hypersurface immersed into a generalized Robertson-Walker spacetime. If H 2 > 0 on Σ, then L 1 is an elliptic operator (for an appropriate choice of the Gauss map N ).
For a proof of the Lemma see Lemma 3.2 in [2] , where they proved it as a consequence of Lemma 3.10 in [7] . The next Lemma is a consequence of Proposition 3.2 in [6] (see also Lemma 3.3 in [2] ).
Lemma 2. Let Σ be a spacelike hypersurface immersed into a generalized Robertson-Walker spacetime. If there exists an elliptic point of Σ, with respect to an appropriate choice of the Gauss map N , and
Recall here that by an elliptic point in a spacelike hypersurface we mean a point of Σ where all the principal curvatures are negative, with respect to an appropriate orientation. In order to apply Lemma 2 it is convenient to have some geometric conditions guaranteeing the existence of such a point. The following technical lemma is a consequence of a more general result given in [1] and guarantees the existence of the elliptic point in the compact case. Before stating it, recall from Proposition 3.2 (i) in [5] that if a generalized Robertson-Walker spacetime −I × ρ P n admits a compact spacelike hypersurface, then the Riemannian factor P n is necessarily compact. In that case, −I × ρ P n is said to be a spatially closed generalized Robertson-Walker spacetime.
Lemma 3 (Lemma 5.3, [2] ). Let f : Σ n → −I × ρ P n be a compact spacelike hypersurface immersed into a spatially closed generalized Robertson-Walker spacetime, and assume that ρ ′ (h) does not vanish on Σ (equivalently, f (Σ) is contained in a slab Ω(t 1 , t 2 ) on which ρ ′ does not vanish).Then
, then there exists an elliptic point on Σ with respect to its future-pointing Gauss map. t 2 ) ), then there exists an elliptic point on Σ with respect to its past-pointing Gauss map.
For the proof of our main results we will make use of the following computations (see Section 4 in [2] ).
Since ρ(h)T is a non-vanishing closed conformal vector field on M n+1 we have
for every vector Z tangent to M n+1 , where ∇ denotes the Levi-Civita connection of M n+1 . Hence
Moreover
and therefore
Uniqueness of compact spacelike hypersurfaces
In [10, Theorem 7] (see also [4, Theorem 1]) it was proved that the only compact spacelike hypersurfaces with constant mean curvature in a spatially closed generalized Robertson-Walker spacetime −I × ρ P n whose warping function satisfies (log ρ) ′′ ≤ 0 are the spacelike slices. Recall that a spacetime obeys the timelike convergence condition (TCC) if its Ricci curvature is nonnegative on timelike directions. It is not difficult to see that a generalized Robertson-Walker spacetime −I × ρ P n obeys TCC if and only if
and
where Ric P and , P are respectively the Ricci and metric tensors of the Riemannian manifold P. As observed in [10] , any of the two conditions above implies separately that spacelike slices are the only compact spacelike hypersurfaces in −I × ρ P n . In particular, the sole hypothesis (4) suffices to guarantee uniqueness, without any other restriction on the curvature of P. Even more, the more general condition (log ρ) ′′ ≤ 0 is sufficient to obtain the uniqueness. On the other hand, this uniqueness result was extended in [2] to the case of compact spacelike hypersurfaces with H k constant under the assumption that the ambient generalized Robertson-Walker spacetime obeys the null convergence condition, which is nothing but (3), and that ρ ′ does not vanish on the hypersurface. Related to this, here we obtain the following result.
Theorem 5. Let −I × ρ P n be a spatially closed generalized Robertson-Walker spacetime with warping function satisfying (log ρ) ′′ ≤ 0. The only compact spacelike hypersurfaces with H k constant, 2 ≤ k ≤ n, contained in a slab Ω(t 1 , t 2 ) on which ρ ′ does not vanish are slices.
Proof. We may assume that ρ ′ > 0 on (t 1 , t 2 ), so that ρ ′ (h) > 0 on Σ. By Lemma 3 there exists an elliptic point p 0 ∈ Σ with respect to the futurepointing Gauss map N . In particular, H k = H k (p 0 ) is a positive constant, Θ ≤ −1 on Σ, and by Lemma 2 the operators P j are positive definite for all 1 ≤ j ≤ k − 1.
To make more transparent our reasoning, we first consider the case k = 2. We introduce the operator L defined as
where
Since ρ ′ (h) > 0, −Θ ≥ 1 > 0, and P 1 is positive definite, the operator L is elliptic. Moreover, observe that
where divP = Tr∇P. Hence by Theorem 3.1 in [9] L satisfies the maximum principle. It follows by Equation (2) that
Compactness of Σ implies the existence of points p min , p max ∈ Σ such that
Hence ∇h(p min ) = ∇h(p max ) = 0 and Θ(p min ) = Θ(p max ) = −1. Furthermore, since σ is an increasing function, p min and p max realize also the minimum and the maximum of σ(h) on Σ, respectively. Therefore, since L is an elliptic operator we have
from which it follows that (log ρ) ′ (h) = H 1/2 2 = constant, (log ρ) ′ being a positive non-increasing function. Therefore, we have
on Σ, and by compactness and the maximum principle we conclude that σ(h), and hence h, is constant. Let us consider now the case k ≥ 3. Let L be the operator given by
Since ρ ′ (h) > 0, −Θ ≥ 1 > 0, and P 1 , . . . , P k−1 are all positive definite, the operator L is elliptic and it satisfies the maximum principle. We claim that
We can prove the claim by induction. We have already proved that this is true for k = 2. Assuming that it is true for k − 2 and using (2) we get
The rest of the proof follows as in the case k = 2, using (6) instead of (5).
As an application of Theorem 5 we have the following Corollary 6. Let −I × ρ P n be a spatially closed generalized RobertsonWalker spacetime with warping function satisfying (log ρ) ′′ ≤ 0. The only compact spacelike hypersurfaces with nonvanishing mean curvature and H k constant, 2 ≤ k ≤ n, are slices.
Proof. We may choose the orientation so that H 1 > 0. In this case, since Θ never vanishes, it can be either positive or negative with respect to this orientation. Let us assume first that Θ < 0. Since Σ is compact there exist points p max and p min at which the height function h attains its maximum and minimum values respectively. In particular, ∇h(p max ) = 0 and Θ(p max ) = −1. Moreover, setting h * := h(p max ) and using Proposition 4
Observing now that − log ρ is a convex function we get
On the other hand, let us consider the case of Θ > 0 with respect to the chosen orientation. As already said, we can find a point p min were the height function attains its minimum. In this case ∇h(p min ) = 0, Θ(p min ) = 1 and
where h * = h(p min ). Reasoning as above we can see that ρ ′ (h) < 0. In any case, we conclude that Σ is contained in a slab on which ρ ′ does not vanish and the result follows from Theorem 5.
Corollary 7. Let −I × ρ P n be a spatially closed generalized RobertsonWalker spacetime whose warping function satisfies (log ρ) ′′ ≤ 0. The only compact spacelike hypersurfaces satisfying either (i) H 2 is a positive constant, or (ii) H k is constant (with k ≥ 3) and there exists an elliptic point in Σ, are slices.
For the proof of this corollary, observe that in case (i), by the basic inequality H 2 1 ≥ H 2 > 0, it follows that the mean curvature does not vanish. On the other hand, in case (ii), we assume that there exists a point p 0 ∈ Σ where all the principal curvatures are negative. Therefore, the constant H k = H k (p 0 ) is positive and, using the Garding inequalities [8] we get that
on Σ. In particular, H 1 > 0 and the conclusion follows by Corollary 6.
Uniqueness of complete spacelike hypersurfaces
We will now extend the previous theorems to the complete noncompact case. To do that we will use a generalization of the Omori-Yau maximum principle for trace type differential operators.
Let Σ be a Riemannian manifold and let L = Tr(P • hess) be a semielliptic operator, where P : T Σ → T Σ is a positive semi-definite symmetric tensor. Following the terminology introduced in [13], we say that the OmoriYau maximum principle holds on Σ for the operator L if, for any function u ∈ C 2 (Σ) with u * = sup Σ u < +∞, there exists a sequence {p j } j∈N ⊂ Σ with the properties
for every j ∈ N. Equivalently, for any function u ∈ C 2 (Σ) with u * = inf Σ u > −∞, there exists a sequence {p j } j∈N ⊂ Σ with the properties
In [3, Theorem 1] the authors have recently proved the following version of a generalized Omori-Yau maximum principle for trace type differential operators.
Theorem 8 (Theorem 1 in [3] ). Let (Σ, , ) be a Riemannian manifold, and let L = Tr(P • hess) be a semi-elliptic operator, where P : T Σ → T Σ is a positive semi-definite symmetric tensor satisfying sup Σ TrP < +∞. Assume the existence of a non-negative C 2 function γ with the properties
∃A > 0 such that ∇γ ≤ A √ γ off a compact set, (8)
where G is a smooth function on [0, +∞) such that:
G(t) < +∞. Then, the Omori-Yau maximum principle holds on Σ for the operator L.
As a consequence of Theorem 8, we have the following result, which will be essential for the proof of our main results (see also Corollary 3 in [3] for a more general version in terms of a (generally non-constant) lower bound for the radial sectional curvature).
Lemma 9. Let (Σ, , ) be a complete, noncompact Riemannian manifold with sectional curvature bounded from below. Then, the Omori-Yau maximum principle holds on Σ for any semi-elliptic operator L = Tr(P • hess) with sup Σ TrP < +∞.
Proof. Let o ∈ Σ be a fixed reference point, denote with r(p) the distance function from o and set γ(p) = r(p) 2 . Then γ satisfies assumptions (7) and (8) of Theorem 8. Furthermore, γ is smooth within the cut locus of o. Assume that the sectional curvature of Σ is bounded from below by a constant c. Since Σ is assumed to be complete and noncompact, then c ≤ 0. Then, by the Hessian comparison theorem within the cut locus of o, one has (11) Hess
for every v ∈ T p Σ, where ψ c (t) is given by
Since Hess γ = 2r Hess r + 2dr ⊗ dr, we obtain from here that
for γ sufficiently large, since 1 − tψ c (t) ≤ 0 if t ≫ 1. Then, using the fact that P is positive semi-definite we get
for γ sufficiently large. Since sup Σ TrP < +∞ and lim t→+∞ ψ c (t) = √ −c, then we conclude that
for a positive constant B and γ sufficiently large, where G(t) is given (for instance) by G(t) = t 2 with t ≫ 1. Therefore, by Theorem 8 we know that the Omori-Yau maximum principle holds on Σ for L.
Lemma 9 has the following application in our situation.
Corollary 10. Let −I × ρ P n be a generalized Robertson-Walker spacetime with warping function satisfying (log ρ) ′′ ≤ 0 and Riemannian fiber P n having sectional curvature bounded from below. Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface contained in a slab with sup Σ A 2 < +∞. Then the sectional curvature of Σ is bounded from below and the Omori-Yau maximum principle holds on Σ for every semi-elliptic operator L = Tr(P • hess) with sup Σ TrP < +∞.
Remark 11. From the equality
A 2 = n 2 H 2 1 − n(n − 1)H 2 it follows that under the assumption inf Σ H 2 > −∞ the condition sup Σ A 2 < +∞ is equivalent to sup Σ |H 1 | < +∞.
Proof of Corollary 10. Recall the Gauss equation R(X, Y )Z = (R(X, Y )Z)
T − AX, Z AY + AY, Z AX, for all vector fields X, Y, Z tangent to Σ, where R and R are the curvature tensors of Σ n and −I × ρ P, respectively. Then, if {X, Y } is an orthonormal basis for an arbitrary 2-plane tangent to Σ, the sectional curvature in Σ of that 2-plane is given by
where K(X, Y ) denotes the sectional curvature in −I × ρ P of the plane spanned by {X, Y }. Observe that the last inequality follows from the fact that
for every unit vector X tangent to Σ. Since we are assuming that sup Σ A 2 < +∞, it suffices to have K(X, Y ) bounded from below. A direct computation using the general relationship between the curvature tensor of a warped product and the curvature tensor of its base and its fiber, as well as the derivatives of the warping function (see for instance Proposition 42 in [11] ) implies that
for every U, V, W ∈ T M , where T = ∂ ∂t and we are using the notation U * to denote π P * U for an arbitrary U ∈ T M . Then, for the orthonormal basis {X, Y } we find that
On the other hand,
Therefore, if K P ≥ c for some constant c, we deduce
Finally, since h is a bounded function, we conclude from (13), (14) and (15) that the sectional curvature K(X, Y ) is bounded from below by an absolute constant.
Now we are ready to state the main results of this section.
Theorem 12. Let −I × ρ P n be a generalized Robertson-Walker spacetime whose warping function satisfies (log ρ) ′′ ≤ 0, with equality only at isolated points, and suppose that P n has sectional curvature bounded from below. Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface contained in a slab with H k > 0, for some 2 ≤ k ≤ n, and
Assume that sup Σ |H 1 | < +∞ and, for k ≥ 3, that there exists an elliptic point in Σ. Then, Σ is a slice.
Proof. First we consider the case k = 2. From the basic inequality H 2 1 ≥ H 2 > 0, it follows that we can orient the hypersurface so that H 1 > 0 on Σ. We define the operator L 1 = Tr( P 1 • hess) with P 1 = 1 H 1 P 1 . Note that Tr( P 1 ) = c 1 and therefore, by Corollary 10 and Remark 11, the Omori-Yau maximum principle holds on Σ for the operator L 1 . We let {p j } and {q j } be two sequences such that
Observe that condition (i) implies that lim j→+∞ h(p j ) = h * = sup Σ h and lim j→+∞ h(q j ) = h * = inf Σ h, because σ(t) is strictly increasing. Thus by condition (ii) we also have lim j→+∞ ∇h(p j ) = lim j→+∞ ∇h(q j ) = 0, and lim j→+∞ Θ(p j ) = lim j→+∞ Θ(q j ) = signΘ. Therefore, using that
Making j → +∞ in these inequalities we find
Using the assumption (log ρ) ′′ ≤ 0 with equality only at isolated points, we conclude from here that h is constant. For the general case k ≥ 3, first observe that the existence of an elliptic point and H k > 0 implies that H i > 0 and the operators P i are positive definite for all 1 ≤ i ≤ k − 1. Choose i as in the statement of the theorem, so that H i+1 /H i is constant and consider the operator L i = Tr( P i • hess) with P i = 1 H i P i . Note that Tr( P i ) = c i and therefore, by Corollary 10 and Remark 11, the Omori-Yau maximum principle holds on Σ for the operator L i . We conclude then as in the case k = 2 with the aid of the equation
The next result extends to the complete case Corollary 7.
Theorem 13. Let −I × ρ P n be a generalized Robertson-Walker spacetime whose warping function satisfies (log ρ) ′′ ≤ 0, with equality only at isolated points, and suppose that P n has sectional curvature bounded from below. Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface contained in a slab and assume that either (i) H 2 is a positive constant, or (ii) H k is constant (with k ≥ 3) and there exists an elliptic point in Σ.
Proof. Consider first the case k = 2. Since H 2 > 0 it follows by Lemma 1 that the operator L 1 is elliptic with respect to the orientation for which H 1 > 0 (see the proof of Lemma 3.2 in [2] for the details). Assume first that Θ < 0 with respect to this orientation and let us show that ρ ′ (h) > 0. To do that, we apply the Omori-Yau maximum principle to the Laplacian to assure the existence of a sequence {p j } with the following properties
Therefore, making j → +∞ in the following inequality
and (log ρ) ′ (h * ) ≤ (log ρ) ′ (h), it must be (log ρ) ′ (h) > 0, which means ρ ′ (h) > 0 on Σ. On the other hand, in the case where Θ > 0 with respect to this orientation, let us show that ρ ′ (h) < 0. To do that, we apply the Omori-Yau maximum principle to the Laplacian to assure the existence of a sequence {q j } with the following properties
and reasoning exactly as before we conclude that 0 > (log ρ) ′ (h * ) ≥ (log ρ) ′ (h) and it must be (log ρ) ′ (h) < 0, which means ρ ′ (h) < 0 on Σ. Therefore, we have that for the chosen orientation
Consider the operator
Hence L is an elliptic operator and the trace of P is bounded from above. By Corollary 10 (see also Remark 11) we can then apply the Omori-Yau maximum principle. Since h * < +∞ there exists a sequence {p j } ⊂ Σ such that
taking the limit for j → +∞ and observing that Θ(p j ) → sgn Θ = ±1 as j → +∞, we find 0 ≥ sgn Θ((log ρ)
On the other hand, since h is bounded from below, we can find a sequence
Hence, proceeding as above we find
Thus, taking into account that (log ρ) ′ (h)Θ < 0 snd to the fact that (log ρ) ′ is a decreasing function, we get h * = h * . For the general case k ≥ 3, since there exists an elliptic point and H k > 0, it follows by Lemma 2 that H j > 0 and the operators L j are elliptic for all 1 ≤ j ≤ k − 1 with respect to an appropriate orientation. Reasoning as in the case k = 2, one can see that (log ρ) ′ (h)Θ < 0 for that orientation. Furthermore, since, by the Newton inequalities
Since L is a positive linear combination of the L i 's, it is elliptic. Moreover
is bounded from above. Similarly as in the proof of (6), it is easy to prove by induction on k that
We can then apply the Omori-Yau maximum principle to the operator L. Since h * < +∞ there exists a sequence {p j } ⊂ Σ such that
Hence, taking the limit in (16) for j → +∞ and observing that Θ → sgn Θ = ±1 as j → +∞, we find
Thus we conclude as in case k = 2.
Further results for complete spacelike hypersurfaces
Recall that a spacetime obeys the null convergence condition (NCC) if its Ricci curvature is nonnegative on lightlike directions. In the case of a generalized Robertson-Walker spacetime −I × ρ P n this is equivalent to
In [10, Theorem 6] (see also Theorem 9.1 in [2] ) it was proved that the only compact spacelike hypersurfaces with constant mean curvature in a spatially closed generalized Robertson-Walker spacetime obeying the NCC are the slices, unless in the case where the ambient space is isometric to the de Sitter spacetime in a neghbourhood of Σ, which must be a round umbilical hypersphere. Moreover, the latter case cannot occur if we assume that the inequality in (17) is strict. Our first result in this section extends this to the complete noncompact case as follows Theorem 14. Let −I × ρ P n be a generalized Robertson-Walker spacetime obeying the strict null convergence condition, that is, satisfying
Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface of constant mean curvature contained in a slab Ω(t 1 , t 2 ). Suppose that Σ n is parabolic and sup Σ |Θ| < +∞. Then f (Σ n ) is a slice.
For the proof of the theorem we begin recalling the following computational result from [2] Lemma 15 (Corollary 8.2 in [2] ). Let Σ n be a spacelike hypersurface immersed into a generalized Robertson-Walker spacetime −I × ρ P n , with angle function Θ and height function h. Let Θ = ρ(h)Θ. Then we have
Proof of Theorem 14. Let us choose on Σ the orientation such that Θ < 0 and consider the function φ = H 1 σ(h) + Θ. Since the mean curvature is constant, by Equation (2) and Lemma 15 we have
Reasoning as in the proof of Theorem 9.1 in [2] , it follows from the hypotheses that ∆φ ≤ 0 on Σ. Since sup Σ |Θ| < +∞ and Σ is contained in a slab, φ is bounded from below. Moreover, Σ being parabolic implies that φ must be constant and ∆φ = 0. In particular
Observe that
Therefore by the strict null convergence condition, it must be ∇h = 0 and hence Σ is a slice.
In order to extend this reasoning to the higher order mean curvature, we need the following computational result.
Lemma 16 (Corollary 8.4 in [2] ). Let Σ n be a spacelike hypersurface immersed into a RW spacetime −I × ρ P n , with angle function Θ and height function h. Assume that P n has constant sectional curvature κ and let Θ = ρ(h)Θ. Then, for every k = 0, ..., n − 1 we have
For the general case, we replace the Laplacian operator by the following operator
where f ∈ C ∞ (Σ). Using Lemma 3.1 in [1] we find that
It follows by Equation 6.16 in [2] that, in the case where P n has constant sectional curvature κ, the operator L becomes
We introduce the next Definition 17. We will say that the hypersurface Σ n ֒→ −I × ρ P n is Lparabolic if the only bounded above C 1 solutions of the differential inequality
The following result is a special case of Theorem 2.6 in [12] Theorem 18. Let Σ n ֒→ −I × ρ P n be a complete spacelike hypersurface. If
where ∂B t is a geodesic sphere of radius t, then Σ n is (k − 1)-parabolic.
Now we are ready to establish the second main result of this section, which extends Theorem 9.2 in [2] to the complete case, at least when P n has constant sectional curvature.
Theorem 19. Let −I × ρ P n be a Robertson-Walker space and denote the constant sectional curvature of P n by κ. Let f : Σ n → −I × ρ P n be a complete spacelike hypersurface of constant k-mean curvature, k ≥ 2, contained in a slab Ω(t 1 , t 2 ) on which ρ ′ does not change sign and
((log ρ) ′′ ρ 2 ).
Suppose that Σ n satisfies condition (20) and either (i) k = 2 and H 2 > 0 or (ii) k ≥ 3 and there exists an elliptic point p ∈ Σ n . If sup Σ |H 1 | < +∞ and sup Σ |Θ| < +∞, then f (Σ n ) is a slice.
Proof. Assume that ρ ′ (h) ≥ 0 and let us see that, for an appropriate orientation of Σ, one has H 1 > 0 and Θ < 0. Consider first the case k = 2. Since H 2 > 0 it follows by Lemma 1 that the operator L 1 is elliptic with respect to the orientation for which H 1 > 0 (see the proof of Lemma 3.2 in [2] for the details). Let us see that this orientation gives Θ < 0. To do that, we apply the Omori-Yau maximum principle to the Laplacian, which holds on Σ by Corollary 10 and Remark 11. This assures the existence of a sequence {q j } with the following properties
Therefore, making j → +∞ in the following inequality − 1 j < ∆h(q j ) = −(log ρ) ′ (h(q j ))(n + ∇h(q j ) 2 ) − nΘ(q j )H 1 (q j )
we get (log ρ) ′ (h * ) + sgn(Θ) lim inf j→+∞ H 1 (q j ) ≤ 0.
Since lim inf
j→+∞ H 1 (q j ) ≥ H 2 > 0, and (log ρ) ′ (h * ) ≥ 0, it must be sgn(Θ) = −1, which means Θ < 0 on Σ. For the general case k ≥ 3, since there exists an elliptic point and H k > 0, it follows by Lemma 2 that H j > 0 and the operators L j are elliptic for all 1 ≤ j ≤ k − 1 with respect to an appropriate orientation. In particular, H 2 > 0 and reasoning as in the case k = 2, one can see that Θ < 0 for that orientation.
Next we consider the function φ = H 1 k k σ(h) + Θ, with Θ = ρ(h)Θ. Since P n has constant sectional curvature κ, it follows by Equation (19) that
− (log ρ) ′′ (h) P k−2 ∇h, ∇h 
Using Garding inequalities it is easy to prove that the first and the last terms are nonnegative. By the fact that each P j is an elliptic operator, j = 0, ..., k−1, and by equation (21) it follows that also all the remaining terms in the previous equation are nonnegative. Hence Lφ ≤ 0. Since sup Σ |Θ| < +∞ and the hypersurface is contained in a slab, then φ is bounded from below. Moreover, by assumption (20), Σ n is L-parabolic. Therefore we conclude that φ has to be constant. In particular, Lφ = 0. Hence each term of Equation (22) must vanish. In particular equality
implies that Σ is a totally umbilical hypersurface. Moreover, since each P j , j = 0, ..., k − 1 is an elliptic operator and since (21) holds, we conclude that ∇h = 0 and hence f (Σ) is a slice.
